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Abstrat
We study a lass of Lorentz violating quantum eld theories that ontain higher spae derivatives,
but no higher time derivatives, and beome renormalizable in the large N expansion. The xed points of
their renormalization-group ows provide examples of exatly weighted sale invariant theories, whih
are notieable Lorentz violating generalizations of onformal eld theories. We lassify the salar and
fermion models that are ausal, stable and unitary. Solutions exist also in four and higher dimensions,
even and odd. In some expliit four dimensional examples, we ompute the orrelation funtions to the
leading order in 1/N and the ritial exponents to the subleading order. We onstrut also RG ows
interpolating between pairs of xed points.
1
1 Introdution
Lorentz violating quantum eld theory an be useful for several purposes. It ontains non-
relativisti eld theory, and has appliations to nulear physis [1℄, eetive eld theory [2, 3℄,
ritial phenomena [4℄, and possibly high energy physis [5℄. It an desribe higher temperature
superondutors, ferroeletri liquid ristals, polymers and magneti materials [6, 7℄, as well as
extensions of the Standard Model [8℄ and beyond.
Moreover, Lorentz violating eld theory is interesting in its own right as a laboratory to study
ideas about renormalization and learn about quantum eld theory. Reently [9℄, it has been
proved that the set of loal, unitary, renormalizable quantum eld theories an be onsiderably
enlarged if Lorentz invariane is not assumed to hold exatly at arbitrarily high energies. Higher
spae derivatives are used to improve the behavior of propagators in Feynman diagrams. At the
same time, if the verties and quadrati terms are arranged aording to a ertain weighted power
ounting riterion, no higher time derivatives are generated by renormalization, whih guarantees
(perturbative) unitarity. A weighted sale transformation assigns dierent weights to the time
and spae omponents of momenta and oordinates, in a way ompatible with Feynman diagrams,
and is used to lassify the ounterterms (into weighted marginal, weighted relevant and weighted
irrelevant) and so the renormalizable models.
The weighted sale invariane is expliitly broken by the super-renormalizable terms and
dynamially broken by the running of ouplings. It is exatly reovered at the xed points of the
(weighted) renormalization group ow. Suh xed points are worth of investigation, beause they
are remarkable Lorentz violating generalizations of onformal eld theories.
In this paper we ontinue this investigation studying Lorentz violating four-fermion and sigma
models that are renormalizable by weighted power ounting in the large N expansion, in various
dimensions. Here N denotes the number of eld opies. In partiular, we lassify the renor-
malizable theories that are unitary, ausal and stable. Solutions exist also in four and higher
dimensions. Some four dimensional models are studied expliitly up to the subleading order in
1/N .
We reall that Lorentz invariant unitary onformal eld theories of salars and/or fermions
exist in three spaetime dimensions, but not four. Well-known examples are the three-dimensional
four fermion model [10℄ and the O(N) sigma model [11℄, in the large N expansion. On the other
hand, in four dimensions a onsiderable number of interating onformal eld theories are known,
from the Bank-Zaks xed points [12℄, to the xed points of supersymmetri theories [13℄, but all
of them involve gauge elds.
The models onstruted in this paper ontain only salars and fermions. The investigation of
gauge theories is left to a separate paper [14℄. Within the ordinary power ounting framework,
the renormalization of gauge theories ontaining Lorentz violating terms has been studied in ref.s
2
[15℄.
For deniteness, we onsider models where the d-dimensional spaetime manifold Md is split
into the produt Mbd ⊗ Md of two submanifolds, a d̂-dimensional submanifold Mbd, ontaining
time and possibly some spae oordinates, and a d-dimensional spae submanifold Md. The d-
dimensional Lorentz group O(1, d−1) is broken to a residual Lorentz symmetry O(1, d̂−1)⊗O(d).
The generalization of our arguments to the most general breaking is straightforward (see [9℄ for
details).
The paper is organized as follows. In setion 2 we review the weighted power ounting riterion.
In setion 3 we study unitarity and stability in Lorentz violating theories. In setion 4 we study
ausality at the lassial and quantum levels. In setions 5 and 6 we lassify the O(N) sigma
models, the four-fermion models and their interating xed points (Lifshitz type and Parisi type)
in the large N expansion. In setion 7 we analyze the onsequenes of the weighted sale invariane
and work out restritions on the form of the orrelations funtions at the xed points. In setions
8 and 9 we alulate the subleading orretions in a lass of four-dimensional salar and fermion
models. In setion 10 we onstrut running models that interpolate between pairs of xed points.
Setion 11 ontains our onlusions. In Appendies A-D we alulate the bubble and triangle
diagrams in salar and fermion models. In Appendix E we desribe the alulations of the ritial
exponents to the subleading order.
We use the dimensional-regularization tehnique, although in most formulas we do not make
it expliit. Moreover, we freely swith bak and forth from and to the Eulidean and Minkowskian
frameworks, often using the same notation.
2 Weighted power ounting
In this setion we briey review the weighted power ounting riterion of ref. [9℄. Consider a
salar theory with quadrati lagrangian
L
free
=
1
2
(∂̂ϕ)2 +
1
2Λ2n−2L
(∂
n
ϕ)2 (2.1)
(in the Eulidean framework), where ΛL is an energy sale and n is an integer ≥ 1. Up to total
derivatives it is not neessary to speify how the 2n derivatives ∂ are ontrated among themselves.
The oeient of (∂
n
ϕ)2 must be positive to have a positive energy in the Minkowskian framework.
The theory (2.1) is invariant under the weighted resaling
xˆ→ xˆ e−Ω, x¯→ x¯ e−Ω/n, ϕ→ ϕ eΩ(/2−1), (2.2)
where = d̂ + d/n. Indeed, eah lagrangian term sales with the fator , ompensated by the
saling fator of the integration measure d
dx of the ation. Note that ΛL is not resaled.
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To lassify the verties, ounterterms and other quadrati terms it is useful to assign weights
to oordinates, momenta and elds as follows:
[∂̂] = 1, [∂] =
1
n
, [ϕ] =
− 2
2
, (2.3)
while ΛL is weightless. The interating theory is dened as a perturbative expansion around the
free theory (2.1). Stritly renormalizable verties have weights equal to , super-renormalizable
verties have weights smaller than , non-renormalizable verties have weights greater than .
The rst ondition to have renormalizability is that the ϕ-weight be stritly positive, therefore 
must be greater than 2.
The theory is renormalizable by weighted power ounting if it ontains all verties and quadrati
terms with weights ≤ and only those. This bound exludes higher-time derivative terms. The
degree of divergene ω(G) of a Feynman diagram G is bounded by the inequality
ω(G) ≤ − Es− 2
2
, (2.4)
where Es is the number of external salar legs. Formula (2.4) ensures that the ounterterm has a
weight not larger than , therefore it an be subtrated renormalizing the elds and ouplings of
the lagrangian, and no new vertex needs to be introdued.
Stritly renormalizable theories are alled homogeneous. The propagator of homogeneous
theories oinides with the one of (2.1). The bound > 2 ensures that in homogeneous theories
the Feynman diagrams do not have infrared divergenes at non-exeptional external momenta.
The RG ow measures how orrelation funtions depend on the overall weighted resaling
fator. When some ouplings run, the weighted sale transformation is anomalous. The weighted
trae anomaly is parametrized by the beta funtions. At the xed points of the RG ow the
weighted sale invariane is reovered as an exat symmetry.
In the ordinary perturbative framework, stable renormalizable interating theories exist for
≤ 4. Unstable renormalizable theories, suh as the ϕ3 models, exist for ≤ 6. The simplest
examples of stable, homogeneous theories are the ϕ4, = 4 models
L
=4 =
1
2
(∂̂ϕ)2 +
1
2Λ
2(n−1)
L
(∂
n
ϕ)2 +
λ
4!Λd−4L
ϕ4 (2.5)
and the ϕ6, = 3 models
L
=3 =
1
2
(∂̂ϕ)2 +
1
2Λ
2(n−1)
L
(∂
n
ϕ)2 +
1
4!Λ
2(n−1)
L
∑
α
λα
[
∂
n
ϕ4
]
α
+
λ6
6!Λ
2(n−1)
L
ϕ6, (2.6)
where
[
∂
n
ϕ4
]
α
denotes a basis of inequivalent terms onstruted with n derivatives ∂ ating on
four ϕ's (beause of O(d)-invariane, these exist no suh terms if n is odd).
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The onsiderations just realled are easily generalized to fermions. The weight of a fermion eld
is (−1)/2, so renormalizability demands > 1. Again, this bound ensures also that the Feynman
diagrams are free of infrared divergenes at non-exeptional external momenta in homogeneous
theories. Renormalizable theories are those that ontain all verties and quadrati terms with
weight not larger than  and only those. Nontrivial stable renormalizable theories ontaining
only fermions exist for ≤ 2. The simplest homogeneous examples are the = 2, four-fermion
models
L
=2 = ψ
(
∂̂/+
∂/
n
Λn−1L
)
ψ − λ
2
2Λd−2L
(
ψψ
)2
. (2.7)
Stable oupled salar and fermion theories exist for ≤ 4. Formula (2.4) beomes
ω(G) ≤ − Es− 2
2
− Ef − 1
2
,
where Ef is the number of external fermioni legs.
Non-homogeneous renormalizable theories ontain also super-renormalizable quadrati terms
and verties. For onveniene, the oeient of eah vertex is arranged as the produt of three
fators: a) a suitable power of a mass sale M of weight 1, to math the total weight; b) a
suitable power of ΛL, to math the dimensionality; c) a dimensionless weightless oupling λi.
In suh a way, super-renormalizable verties are multiplied by positive powers of M , stritly-
renormalizable verties are multiplied by M -independent oeients, while non-renormalizable
verties are multiplied by negative powers of M .
For example, in 2 << 4 the ϕ4-model is super-renormalizable, with lagrangian
L
<4 =
1
2
(∂̂ϕ)2 +
n∑
k=0
′ λkM
2(1−k/n)
2Λ
2k(n−1)/n
L
(∂
k
ϕ)2 +
λM4−
4!Λ
d(1−1/n)
L
ϕ4, (2.8)
with λn = 1, and the primed sum is restrited to the k's suh that 2(1−k/n) are integer multiples
of 4−. Other examples of super-renormalizable theories are the four-fermion models in 1 << 2
with lagrangian
L
<2 = ψ
(
∂̂/+
n∑
k=0
′ λkM
1−k/n∂/
k
Λ
k(n−1)/n
L
)
ψ − λ
2M2−
2Λ
d(1−1/n)
L
(
ψψ
)2
, (2.9)
where now the primed sum is restrited to the k's suh that 1− k/n are integer multiples of 2−.
The RG ow that we onsider in this paper is more preisely the weighted RG ow, dened
by the weights of the elds and ouplings, rather than by their dimensionalities. In partiular,
the infrared limit is the limit where both M and the RG sale µ tend to innity, while ΛL is kept
xed. Analogously, the ultraviolet limit is dened as the limit where both M and µ tend to zero,
at xed ΛL. As a onsequene, the xed points of the weighted RG ow do depend on ΛL.
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3 Källen-Lehmann representation and unitarity
In this setion we study unitarity and stability in Lorentz violating quantum eld theory, gener-
alizing the usual notions.
Let |n〉 be a omplete set of eigenstates of the momentum, with eigenvalues kn. Consider the
sum ∑
n
δ(d)(k − kn) |〈0|ϕ(0) |n〉|2 , (3.1)
where ϕ is any (real) salar eld, elementary or omposite. By O(1, d̂− 1)⊗O(d) invariane this
sum an depend only on k̂2, k
2
and, for k̂2 > 0, on θ(k0). Moreover, by stability it is zero for
k̂2 < 0 and for k0 ≤ 0, beause k̂2n ≥ 0, k0 > 0 for every ontributing n (we assume that ϕ has no
vauum expetation value, so 〈0|ϕ(0) |0〉 = 0). If we write∑
n
δ(d)(k − kn) |〈0|ϕ(0) |n〉|2 = θ(k0)ρ(k̂2, k2) (3.2)
unitarity tells us that the spetral funtion ρ(k̂2, k
2
) is real and positive. The two-point funtion
of ϕ an be written as
〈0|ϕ(x)ϕ(0) |0〉=
∑
n
e−ikn·x |〈0|ϕ(0) |n〉|2 =
∫
ddk
(2pi)d
e−ik·xθ(k0)ρ(k̂
2, k
2
)
=
∫ ∞
0
ds
∫
ddk
(2pi)d
e−ik·xθ(k0)δ(k̂
2 − s)ρ(s, k2). (3.3)
Using ∫
d
bdk̂
(2pi)bd
e−i
bk·bx [θ(x0)θ(k0) + θ(−x0)θ(−k0)] δ(k̂2 − s) =
∫
d
bdk̂
(2pi)bd
ie−i
bk·bx
k̂2 − s+ iε
,
the time-ordered orrelation funtion reads
∆(x) ≡ 〈0|Tϕ(x)ϕ(0) |0〉 =
∫ ∞
0
ds
∫
ddk
(2pi)d
ie−ik·xρ(s, k
2
)
k̂2 − s+ iε
. (3.4)
The spetral funtion oinides with the imaginary part of i/pi times the Fourier transform of
∆(x):
Im
[
i
pi
〈ϕ˜(−k)ϕ˜(k)〉
]
= ρ(k̂2, k
2
) ≥ 0. (3.5)
Therefore, the Fourier transform 〈ϕ˜(−k)ϕ˜(k)〉 of the T-ordered two-point funtion has the spetral
representation
i 〈ϕ˜(−k)ϕ˜(k)〉 =
∫ ∞
0
ρ(s, k
2
)ds
s− k̂2 − iε
. (3.6)
Further, dening
∆±(x) ≡
∫
ddk
(2pi)d
e−ik·xθ(±k0)ρ(k̂2, k2), (3.7)
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Figure 1: unitarity
we have immediately
∆(x) = θ(x0)∆
+(x) + θ(−x0)∆−(x) (3.8)
and the relations
∆∓(−x) = ∆±(x), ∆±∗(x) = ∆∓(x), ∆∗(x) = θ(x0)∆−(x) + θ(−x0)∆+(x). (3.9)
The dressed propagators ∆±(x) an be used to dene utting Feynman rules and utting di-
agrams, as usual. The utting method allows us to alulate the imaginary parts of diagrams,
thanks to the unitarity equation iT − iT † = −T †T , where S = 1 + iT is the S-matrix. The
equation is graphially illustrated in Fig. 1 [16℄.
For example, the tree-level salar Minkowskian propagator reads
i
k̂2 − f(k2) + iε
(3.10)
for some positive funtion f . Then (3.5) gives
ρ(k̂2, k
2
) = δ
(
k̂2 − f(k2)
)
.
The utting propagators read in momentum spae
(2pi)∆˜±(k) = (2pi)θ(±k0)δ
(
k̂2 − f(k2)
)
=
pi√
k̂2 + f(k
2
)
δ
(
k0 ∓
√
k̂2 + f(k
2
)
)
,
depending on the orientation of the energy ow with respet to the ut.
Unitarity bounds The spetral funtion ρ(s, k
2
) must be regular. In partiular, it must be
integrable at s = 0 for every value of k
2
and grow at most as fast as a polynomial in s when s
is large. In this paper we deal with spetral funtions that are manifestly regular for k
2 6= 0 and
behave orretly for s large, but the behavior of ρ(s, 0) for s small needs to be arefully heked.
In weighted sale invariant theories we an assume that ρ(s, 0) has a power-like behavior. Then
the integrability of (3.6) demands
ρ(s, 0) ∼ 1
sa
with a < 1 for s→ 0. (3.11)
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The ondition a < 1 is a powerful requirement to onstrain the range of values of  for whih
unitarity holds.
We reall that the RG xed points of Lorentz invariant loal quantum eld theories ontaining
elds of spin ≤ 1 are also onformal eld theories. There, the unitarity bound (3.11) ensures that
the dimensionality of a salar (primary) eld ϕ is not smaller than one. We emphasize that we do
not need onformal invariane to derive the unitarity bound (3.11). As we see, not even Lorentz
invariane is neessary.
Stability In perturbative quantum eld theory stability, as well as unitarity, must be heked
at the leading order. In general, this means at the tree level, but in the models of this paper one
eld, σ, has a dynamially generated propagator. At the leading order of the large N expansion
the σ-propagator is determined by a one-loop diagram (see g. 2).
The σ spetral funtion ρσ(k̂
2, k
2
) must vanish for k̂2 < 0 and be non-negative for k̂2 > 0. We
an prove in omplete generality that these requirements are automatially fullled. Call σM and
iT the Minkowskian σ eld and bubble diagram, respetively. The unitarity relation of g. 1 tells
us that the imaginary part of T an be alulated using the utting tehnique, it is onvergent
and non-negative. Therefore, at the leading order in 1/N we have 〈σ˜M(−k)σ˜M(k)〉 = i/T (k), so
the σ spetral funtion reads
ρσ(k̂
2, k
2
) ≡ Im
[
i
pi
〈σ˜M(−k)σ˜M(k)〉
]
=
ImT (k)
pi|T (k)|2 ≥ 0
and is neessarily non-negative. Moreover, writing the utting diagram of ImT (k) expliitly, it
is straightforward to hek that ρσ(k̂
2, k
2
) vanishes for k̂2 < 0, both in our salar and fermion
models. The spetral representation (3.6), the other formulas from (3.1) to (3.9) and the utting
rules apply to the σ eld with obvious adjustments.
Beause of stability, the bosoni setors of the lassial ation and of the generating funtional
Γ of one-partile irreduible diagrams must be positive denite in the Eulidean framework. No
general argument guarantees the positivity of the σ-setor of Γ (ounterexamples are easy to
onstrut), therefore this aspet needs to be investigated in detail.
Regularity of the σ propagator To verify the onsisteny of our theories, it is neessary, in
addition, to hek that the σ propagator Pw(k̂, k) be regular everywhere. Here −w denotes its
weight. In partiular, in the ultraviolet limits k̂ →∞ and k →∞, Pw must behave as
Pw(k̂, k) ∼ 1|k̂|w
, Pw(k̂, k) ∼ 1|k|nw , (3.12)
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respetively, to be onsistent with the weighted power ounting. For example, the propagator of
(2.1),
1
k̂2 + (k
2
)n
Λ
2(n−1)
L
,
is regular of weight −2, but a propagator of the form
Λn−1L
|k̂||k|n
is not regular, and ould generate spurious ultraviolet sub-divergenes in Feynman diagrams when
k̂ tends to innity at k xed, or vieversa (see ref. [9℄ for details). In some of our models (e.g.
the one studied in setion 8) regularity an be proved straightforwardly, in other models (e.g. the
one studied in setion 9) regularity is not fullled and the absene of spurious divergenes has to
be proved by diret analysis.
4 Causality
In this setion we investigate ausality at the lassial and quantum levels. We work of ourse in
the Minkowskian framework.
Classial theory Consider the salar eld theory
L =
1
2
(∂̂ϕ)2 − 1
2
ϕf(−∂2)ϕ+ Jϕ
oupled with an external soure J , where f is a positive polynomial funtion. The eld equations[
−∂̂2 − f(−∂2)
]
ϕ(x) = J(x) (4.1)
are solved as
ϕ(x) =
∫
G
ret
(x− x′)ϕ(x′)ddx′ (4.2)
where G
ret
(x− x′) is the retarded Green funtion. Deomposing k̂ as (k0, k̂), we have
G
ret (adv)
(x) =
∫
ddk
(2pi)d
ie−ik·x
(k0 ± iε)2 − k̂2 − f(k2)
.
The retarded (advaned) Green funtion vanishes for negative (positive) time intervals, for an
arbitrary funtion f(k
2
). Thus the solution (4.2) of the eld equations (4.1) is determined by
the sole knowledge of the soure J in the present and in the past, whih ensures ausality at the
lassial level.
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Quantum theory Bogoliubov's denition of ausality reads [17℄
δ2S
δg(xi)δg(xj)
S† +
δS
δg(xi)
δS†
δg(xj)
= 0 if xi0 < xj0, (4.3)
where S denotes the S-matrix and g(x) is a oupling onstant, made into a funtion of spaetime.
Formula (4.3) admits a more general single-diagram version [16℄, whih reads∑
underlinings exept xi
F (x1, . . . , xn) = 0 if xi0 < xj0. (4.4)
Here F (x1, . . . , xn) denotes a diagram in oordinate spae with verties in x1, . . . , xn. No integral
over the positions of the verties is understood. The propagator ∆(xk − xl) onnets two non-
underlined points xk and xl, while ∆
−(xk − xl) onnets a non-underlined point xk with an
underlined point xl , ∆
+(xk − xl) onnets xk with xl and ∆∗(xk − xl) onnets xk with xl.
Finally, every underlined vertex arries an extra minus sign.
The proof of (4.4) is done as follows. Call xk the vertex with the largest time omponent xk0.
By assumption, xk is not xi. Hene the sum (4.4) an be rearranged into the sum over pairs of
diagrams diering only by xk being underlined or not. We want to show that the diagrams of
eah pair sum to zero. Indeed, they dier by an overall minus sign, beause of the xk underlining,
and have exatly the same propagators. To see this, let xm denote any vertex onneted with xk.
Sine xk0 > xm0 the identities
∆(xk − xm) = ∆+(xk − xm), ∆∗(xk − xm) = ∆−(xk − xm), (4.5)
hold. Therefore, within eah pair it does not matter whether xk is underlined or not, apart from
the relative minus sign. We onlude that the sum (4.4) vanishes identially.
Finally, formula (4.3) is derived multiplying (4.4) by appropriate soure funtions, integrating
over all points but xi and xj , and summing over all diagrams. The rst term of (4.3) ollets
the diagrams where neither xi nor xj are underlined, while the seond term of (4.3) ollets the
diagrams where xi is not underlined, but xj is.
Our Lorentz violating theories are automatially ausal in Bogoliubov's sense. This is obvious
for the models of [9℄, whih involve no large N expansion, but true also in the models studied
here, beause the σ propagator satises the utting rules and formulas (3.4)-(3.9).
On the other hand, the usual operator relation
[ϕ(x), ϕ(y)] = 0, for x− y = spaelike, (4.6)
whih is a onsequene of (4.3), unitarity and Lorentz invariane [17℄, is meaningless in our
theories. Yet, (4.6) is not neessary to have ausality and unitarity.
10
5 Lifshitz type models
In this setion we onstrut salar models that have nontrivial interating xed points in the large
N expansion and study those xed points. We lassify the unitary, stable models and single out
the four dimensional ases.
Consider the O(N) sigma model
Lη = 1
2
N∑
i=1
[
(∂̂ϕi)
2 +
1
Λ2n−2L
(∂
n
ϕi)
2
]
+
1
2
iλσ
(
N∑
i=1
ϕ2i − η2
)
, (5.1)
in the Eulidean framework, where η is a positive onstant and σ is a eld. Integrating over σ
onstrains the salar eld to live on a sphere of radius η. The redundant parameter λ is introdued
for onveniene. The large N expansion is dened as the expansion in 1/N , where N is sent to
innity keeping λ2N nite.
The eld σ does not have a kineti term. In the large N expansion the missing σ propagator
is generated dynamially. Preisely, it is equal to minus the reiproal of the salar bubble of Fig.
2, whose form is (A.1) (in the ase d̂ = 3, d = 1, n = 2). Every other diagram gives a subleading
ontribution.
The onstant η has a positive weight (for > 2) and a positive dimensionality, therefore the
UV xed point is the same theory with η = 0:
LC = 1
2
N∑
i=1
[
(∂̂ϕi)
2 +
1
Λ2n−2L
(∂
n
ϕi)
2 + iλσϕ2i
]
. (5.2)
Moreover, the term −iλση2/2 does not ontribute to any non-trivial one-partile irreduible di-
agram, therefore the generating funtionals Γη and ΓC of (5.1) and (5.2) dier exatly by that
term. For the same reason, one we prove the renormalizability of (5.2) we prove also the renor-
malizability of (5.1).
The theory (5.2) oinides with the Lifshitz xed point of the O(N) ϕ4-theory (2.8), whih in
the ases n = 2, < 4 has been studied in [6, 7℄. Here we are interested in more general situations,
so we allow  to be greater than 4 and keep n generi.
In the Minkowskian framework the lagrangian of the xed point reads
LM = 1
2
N∑
i=1
[
(∂̂Mϕi)
2 − 1
Λ2n−2L
(∂
n
ϕi)
2 + λσMϕ
2
i
]
, (5.3)
whih is Hermitian if σM = −iσ is real.
Let us desribe some basi properties of the theory (5.2), assuming for the moment that it
is renormalizable as it stands. The onditions for renormalizability are worked out below. Sine
a renormalization onstant in front of the vertex σϕ2 an be interpreted as the σ wave funtion
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Figure 2: Bubble diagram that gives the σ-propagator
renormalization onstant (instead of the λ renormalization onstant), the theory has no true
oupling, although it is interating. As a onsequene, there is no running of ouplings, so the
model (5.2) is exatly invariant under the weighted sale transformation
xˆ→ xˆ e−Ω, x¯→ x¯ e−Ω/n, ϕi → ϕi eΩ(/2−1), σ → σ e2Ω, µ→ µ eΩ, (5.4)
also at the quantum level, one we inlude the resaling of the RG sale µ.
Next, sine the weight of ϕ must be positive, we have > 2, whih ensures also, from setion
2, that Feynman diagrams do not ontain IR divergenes at non-exeptional external momenta.
We have observed in setion 4 that ausality is always guaranteed. Nevertheless, unitarity, renor-
malizability and stability are not obvious and put other restritions on the allowed values of
.
Unitarity In setion 3 we have proved in omplete generality that the spetral funtion ρσ(p̂
2, p2)
of the σM eld in the Minkowskian framework is non-negative and vanishes for p̂
2 < 0. It remains
to study the unitary bound (3.11). Sine (5.2) is a homogeneous theory, ρσ(s, 0) is a homogeneous
funtion. Sine s stands for p̂2, the weight of s is equal to 2. On the other hand, the weight of
ρσ(s, 0) is equal to minus the weight of the salar bubble. We onlude that
ρσ(s, 0) ∼ 1
s/2−2
for s ∼ 0, so the unitarity bound gives < 6.
Renormalizability Now we study the ounterterms. Sine we use the dimensional-regularization
tehnique, no power-like divergenes are generated. The theory ontains no weightful parameter
(reall that ΛL is weightless), therefore every ounterterm must be of weight . To have exat
weighted sale invariane at the quantum level, (5.2) must be renormalizable as it stands, so no
new vertex should be generated by renormalization. Indeed, a new vertex would be multiplied,
in general, by a running oupling onstant, so (5.2) would no longer be a xed point of the RG
ow. We need to lassify all ounterterms ompatible with loality and weighted power ounting.
Consider rst the ounterterms of the form
σ∂
q
σ. (5.5)
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We must exlude them for every even non-negative integer q. The weight of (5.5) is 4+q/n, whih
by homogeneity must be equal to . Therefore we have
q = n(− 4) = d(1− n) + n(d− 4).
Now, this q is negative for < 4, and zero for = 4. Thus = 4 must be exluded. Moreover, in
the range 4 << 6 we have to exlude every ase where q is even. This leaves only two situations:
i) both n and d are odd; ii) n is even and d is odd.
Next, onsider
[∂̂p∂
q
]σm, (5.6)
where the square braket is used as a symboli notation to denote any ation of the derivatives
on the σ elds. Equating the weight of (5.6) to  we have
p+
q
n
= − 2m,
and sine < 6 either p or q is neessarily negative for every m ≥ 3. Therefore, the absene of
(5.6) does not impose new restritions on .
There exists only one term of weight  ontaining both σ's and ϕ's, whih is σϕ2. Thus
it remains to onsider those ounterterms that ontain only ϕ elds. Any time a ounterterm
fatorizes a
∑N
i=1 ϕ
2
i it is proportional to the σ eld equation, so it an be removed redening the
eld σ. Consider the ounterterms ontaining 2m ϕ's and a ertain number q of derivatives ∂
[∂
q
]ϕi1ϕi1 · · ·ϕimϕim . (5.7)
We do not need to onsider derivatives ∂̂ sine there would be at least two of them and then the
ounterterm would neessarily ontain just two ϕ's and no ∂, otherwise its weight would exeed
. It is easy to prove that if q is smaller than 2m the ounterterm (5.7) is always proportional to∑N
i=1 ϕ
2
i , up to total derivatives. Instead, if q is at least 2m, then there exists an arrangement,
namely
m∏
k=1
(∂ϕik)
2,
that is not proportional to
∑N
i=1 ϕ
2
i . Thus, writing q = 2m + ∆q, the ounterterm (5.7) should
be forbidden for every non-negative even integer ∆q. The weight ondition gives
∆q = 2m(n− 1)− n(m− 1)d+ d(m− 1)(n − 1). (5.8)
This formula implies that the ounterterm (5.7) is automatially forbidden, or reabsorbable into
the σ eld equation, when
 >
2m(n− 1)
n(m− 1) , (5.9)
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beause then ∆q is negative. On the other hand, (5.8) also shows that if m is odd ∆q is ertainly
even. In partiular, the ounterterm (5.7) with m = 3 is forbidden or reabsorbable into the σ eld
equation if and only if (5.9) holds, namely
 > 3− 3
n
. (5.10)
Lukily, (5.10) exludes also every ounterterm (5.7) with m > 3, beause it implies (5.9). Yet, it
remains to exlude the ounterterm with m = 2, whih requires either
 > 4− 4
n
,
or one of the situations i)-ii) mentioned before.
Summarizing, we have unitary renormalizable models in the following three situations:
1. > 2, 3− 3
n
<  ≤ 4− 4
n
, and either i) or ii); (5.11)
2. > 2, 4− 4
n
<  < 4; (5.12)
3. 4<  < 6, and either i) or ii). (5.13)
We reall that i) means that both n and d are odd, while ii) means that n is even and d is odd.
Stability At the leading order in the 1/N expansion stability an be heked verifying that
the σ-quadrati ontribution to the generating funtional Γ is positive denite in the Eulidean
framework. For < 4 the positivity of the σ two-point funtion is guaranteed. Indeed, the σ
bubble (see (A.1)) is a onvergent integral of a negative denite integrand (beause of the fator
−λ2N/2), so it is negative. The σ propagator is minus the reiproal of the σ bubble, so it is
positive. This argument does not apply for 4 << 6. Indeed, in that range the bubble diagram
is formally divergent and stability has to be heked expliitly.
Regularity For analogous reasons, the σ propagator is manifestly regular for < 4. Indeed,
sine the bubble integral is onvergent and its integrand is negative denite, setting k = 0 or
k̂ = 0 gives preisely the power-like behaviors (3.12) with w =−4. For 4 << 6 regularity has
to be heked expliitly ase by ase.
The models that satisfy (5.11) and (5.12) are guaranteed to be unitary, stable and regular.
Let us list the four dimensional solutions. Clearly, d̂ must be 1, 2 or 3. For d̂ = 1, 2 the unique
solution is n = 2, with = 5/2, 3, respetively, while for d̂ = 3, n an be an arbitrary even number
greater than one, or equal to 3. The n = 2, = 7/2 four dimensional model is studied expliitly
in setion 8.
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6 Four-fermion models
In this setion we extend our analysis to the four fermion models. Start from the Eulidean four
fermion lagrangian
L =
N∑
i=1
ψi
(
∂̂/+
∂/
n
Λn−1L
)
ψi − λ
2
2Λ
d(1−1/n)
L M
−2
(
N∑
i=1
ψiψi
)2
, (6.1)
for > 2. This model is not renormalizable by weighted power ounting, but, under ertain
onditions, it beomes renormalizable in the large N expansion. Introdue an auxiliary eld σ of
weight 1 and rewrite the lagrangian as
L =
N∑
i=1
ψi
(
∂̂/+
∂/
n
Λn−1L
+ λσ
)
ψi +
σ2
2
Λ
d(1−1/n)
L M
−2
. (6.2)
In the large N expansion the resummation of the bubble diagrams of Fig. 2 modies the naive
σ-propagator
1
Λ
d(1−1/n)
L M
−2
into
1
Λ
d(1−1/n)
L M
−2 +Qf (k̂, k,ΛL)
,
where −Qf (k̂, k,ΛL) is the value of the bubble diagram (see (B.1) for an expliit expression in
a onrete ase). Beause of the mass M , super-renormalizable terms ∆srL are generated by
renormalization, proportional to integer powers of M−2. For the moment we assume that no
new stritly renormalizable vertex is turned on and later determine the onditions under whih
this eetively happens. Under these assumptions the omplete renormalizable lagrangian reads
L =
N∑
i=1
ψi
(
∂̂/+
∂/
n
Λn−1L
+ λσ
)
ψi +
σ2
2
Λ
d(1−1/n)
L M
−2 +∆srL. (6.3)
At M = 0 Qf is a homogeneous funtion of k̂ and k and has the orret weight, equal to −2,
to ensure the renormalizability of (6.3) by weighted power ounting in the large N expansion
(see (8.2) for an example), if we assume that the σ propagator is regular (the onditions for its
regularity are derived below). Observe that the λ beta funtion of (6.3) vanishes identially, sine
λ is a redundant parameter that an be reabsorbed in σ and M . The renormalization onstant
of the vertex σψψ an be interpreted as the σ wave funtion renormalization onstant.
Sine ∆srL vanishes at M = 0, we see that in the ultraviolet limit M → 0 the four fermion
theory (6.3) ows to the weighted sale invariant xed point
LC =
N∑
i=1
ψi
(
∂̂/+
∂/
n
Λn−1L
+ λσ
)
ψi, (6.4)
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whose Minkowskian lagrangian reads
LM =
N∑
i=1
ψi
(
i∂̂/M +
(i∂/)
n
Λn−1L
− λσM
)
ψi, (6.5)
with σM = σ. Observe that (6.3) is an interesting example of asymptotially safe theory [18℄, its
interating UV xed point being indeed (6.4)-(6.5).
Let us study the properties of the xed point. First observe that (6.5) is invariant under
parity:
P : ψ → γ0ψ, σ → σ, x0 → x0, xµ → −xµ for µ 6= 0,
but when n is odd the theory is invariant also under reetion P(µ) with respet to every spae
axis µ 6= 0, preisely
P(µ) : ψ → γµψ, σ → −σ, xµ → −xµ, xν → xν for ν 6= µ. (6.6)
Unitarity The positivity of the σ spetral funtion is always guaranteed, for an argument
analogous to the one of the previous setion. The fermion bubble of Fig. 2 has weight equal to
−2, so ρ(s, 0) ∼ 1/sa with a = (−2)/2. The unitarity bound (3.11) gives < 4, therefore we
are going to study the models with
2 <  < 4. (6.7)
Renormalizability We now study the ounterterms and impose that (6.4) be renormalizable
as it stands, in partiular that no new stritly renormalizable term be turned on. The onditions
that we nd ensure also the renormalizability of (6.3). First, the ounterterm
σ∂
q
σ (6.8)
must be forbidden for every non-negative even integer q. Its weight 2 + q/n must be equal to ,
so
q = n(− 2) = d(1− n) + n(d− 2).
Sine > 2 we must have either i) n, d both odd, or ii) n even and d odd.
We want to forbid also
[∂̂p∂
q
]σ3 (6.9)
for every non-negative integers p, q and every even n. Indeed, when n is odd the ounterterm is
already forbidden by the invariane under (6.6). In the other ases we have
p+
q
n
= − 3.
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The ases with < 3 are ne, beause either p or q must be negative. The ase = 3 (n even) is
forbidden. Finally, when > 3, n even implies d odd again.
It is easy to show that other terms suh as
[∂̂p∂
q
]σm (6.10)
are automatially forbidden, for every even non-negative integers p and q and for every m ≥ 4.
Next, observe that there is a unique parity-invariant vertex with both σ and fermion legs, that
is σψψ. It remains to onsider only the ounterterms ontaining four or more fermions and no σ.
The four-fermion terms are symbolially written as
[∂̂p∂
q
][ψ
2
ψ2]. (6.11)
Every non-negative integers p and q must be exluded. Equating the weight of (6.11) to  we
have
np+ q = n(2− ),
so these terms are automatially exluded for > 2. The exlusion of ounterterms of the form
[∂̂p∂
q
][ψ
m
ψm] with m > 2 is also guaranteed.
Summarizing, we have non-renormalizable models (that beome renormalizable in the 1/N
expansion) when
2 <  < 4, and either i) or ii) hold, (6.12)
where, again, i) means that n, d are both odd, and ii) means that n even and d is odd. However,
the ase = 3 with n even is exluded.
Let us list the four dimensional solutions to the onditions found so far. We an have d̂ = 1, 2
or 3. When d̂ = 1, the unique solution has n = 2, = 5/2. When d̂ = 2 no solution is admitted.
Finally, when d̂ = 3 every even n is a solution. The simplest model of this lass has n = 2, = 7/2.
It is studied expliitly in setion 9, where we show that it is stable and regular, and alulate its
subleading orretions.
Sine the fermion bubble is always superially divergent, in general stability and regularity
have to be studied ase by ase. Nevertheless, there exists a notieable lass of odd-dimensional
models that an be proved to be stable and regular with a simple argument.
Stability and regularity for odd n Write n = 2m+ 1 and set ΛL = 1 for simpliity. After a
few straightforward steps the Eulidean fermion bubble an be written as
2[d/2]−1λ2N
∫
p̂2 + (p̂+ k̂)2 − k̂2 + (p2 + (p+ k)2 − k2)ab(
p̂2 + p2a2
) (
(p̂ + k̂)2 + (p+ k)2b2
) ,
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where a = (p2)m, b =
(
(p+ k)2
)m
. We an replae p̂2 with −p2a2 and (p̂+ k̂)2 with −(p+ k)2b2
in the numerator, sine the dierene is a tadpole and vanishes identially using the dimensional-
regularization tehnique. We get
− 2[d/2]−1λ2N
∫
k̂2 + k
2
ab+ (p2a− (p+ k)2b)(a− b)(
p̂2 + p2a2
) (
(p̂+ k̂)2 + (p + k)2b2
) . (6.13)
Now the numerator is positive denite and the integral is onvergent for
 < 2 +
2
n
(n odd). (6.14)
Therefore, when (6.14) holds the fermion bubble is negative-denite, whih implies that the σ
two-point funtion is positive denite and the theory is guaranteed to be stable. For the same
reason, setting k = 0 or k̂ = 0 in (6.13) gives the power-like behaviors (3.12) with w =−2,
proving regularity.
The simplest example of solutions to (6.14) and (6.12) is the Lorentz invariant (n = 1) four-
fermion model in three spaetime dimensions [10℄. For d > 3 the solutions must have d̂ = 1, sine
for d̂ > 1 (6.14) annot be fullled. Then we nd d = n+ 2. These solutions generalize the four-
fermion models of ref. [10℄ to arbitrary odd dimensions. Sine n is odd, the reetion symmetry
P(µ) (6.6) ensures that diagrams with an odd number of external σ-legs and no external ψ-leg
vanish identially. Therefore, in these models only the diagrams (a) and (b) of Fig. 3 ontribute
to the renormalization group ow up to the next-to-leading order.
7 Renormalization group
The xed points of our Lorentz violating models are not onformal eld theories, but they are
exatly weighted sale invariant. They depend on the sale ΛL and have two orrelation lengths
(if the Lorentz group is split into two subfators, more otherwise). The symmetry under weighted
sale transformations is not suient to determine the two-point and three-point funtions up to
a nite number of onstants. In this setion we study the form of the two-point funtions in the
Lifshitz type models (5.2). The treatment is general and applies to the fermion models of setion
6 with minor modiations.
We have wave-funtion renormalization onstants for ϕ and σ and a renormalization onstant
for ΛL. They are just funtions of N . The bare quantities are
ϕiB = Z
1/2
ϕ ϕi, ΛBL = ZΛΛL, σB = σZ
1/2
σ , λB = λ. (7.1)
The Callan-Symanzik equation reads(
µ
∂
∂µ
+ ηLΛL
∂
∂ΛL
+ kγϕ +mγσ
)
〈ϕ(x1) · · ·ϕ(xk) σ(y1) · · · σ(ym)〉 = 0, (7.2)
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where
γϕ =
1
2
d lnZϕ
d lnµ
, γσ =
1
2
d lnZσ
d lnµ
, ηL = −d lnZΛ
d lnµ
.
Consider the two-point funtion G(|x̂|, |x|;N,ΛL, µ) ≡ 〈ϕ(x) ϕ(0)〉. Beause of the residual
Lorentz invariane O(1, d̂ − 1) ⊗ O(d) the orrelation funtion depends only on |x̂|, |x|. The RG
equations tell us that
G(|x̂|, |x|;N, ξηLΛL, ξµ) = ξ−2γϕG(|x̂|, |x|;N,ΛL, µ). (7.3)
On the other hand, the invariane with respet to (5.4) gives
G(ξ|x̂|, ξ1/n|x|;N,ΛL, ξ−1µ) = ξ2−G(|x̂|, |x|;N,ΛL, µ). (7.4)
Finally, dimensional analysis gives
G(ξ|x̂|, ξ|x|;N, ξ−1ΛL, ξ−1µ) = ξ2−dG(|x̂|, |x|;N,ΛL, µ). (7.5)
There is only one dimensionless ombination of |x̂|, |x|, ΛL and µ that is RG invariant and
invariant under (5.4), namely
|x̂|
|x|nΛn−1L
(|x̂|µ)ηL(n−1),
therefore the solution ontains an arbitrary funtion Gr of it. The other dependenies an be
xed straightforwardly and the result is
G(|x̂|, |x|;λ,ΛL, µ) = 1|x̂|−2(µ|x̂|)2γϕ
( |x|n
|x̂|
)(−d)/(n−1)
Gr
(
N,
|x̂|
|x|nΛn−1L
(|x̂|µ)ηL(n−1)
)
.
Even simpler is the form of the two-point funtion in momentum spae, whih is
G˜(|p̂|, |p|;λ,ΛL, µ) = 1|p̂|2(1−γϕ)µ2γϕ G˜
′
r
(
N,
|p̂|Λn−1L
|p|n
( |p̂|
µ
)ηL(n−1))
.
From the zeroth order propagator we have
G˜′r (∞, u) =
u2
1 + u2
.
8 Fixed points of salar theories
In this setion we give results about the four dimensional Lifshitz type xed point (5.2) with
d̂ = 3, d = 1, n = 2, =7/2 up to the subleading order in the 1/N expansion. The model is
perturbatively unitary, ausal, stable and regular.
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(b) (c) (c’)(a)
Figure 3: Subleading orretions
The salar bubble (Fig. 2) is evaluated in appendix A. The σ-propagator has weight 1/2 and
it is equal to minus the reiproal of (A.3), namely
16pi|k̂|√2
λ2N
√
F − k2
(8.1)
where F =
√
k
4
+ 4k̂2Λ2L. The positivity of (8.1), whih guarantees stability, is a diret onse-
quene of the superial renormalizability of the salar bubble. The asymptoti behaviors in the
limits |k̂|ΛL ≫ k2 and |k̂|ΛL ≪ k2, namely
16pi
λ2N
√
|k̂|
ΛL
,
16pi|k|
λ2NΛL
, (8.2)
agree with the regularity onditions (3.12) in the ultraviolet limits k̂ → ∞ and k → ∞, respe-
tively, and also prove smoothness in the infrared regions k → 0 and k̂ → 0, whih guarantees the
absene of spurious IR divergenes. Finally, it is evident that the propagator (8.1) is manifestly
regular everywhere else.
We now use the propagator (8.1) to ompute the subleading orretions.
Subleading orretions The 1/N orretions an be worked out omputing the divergent parts
of the diagrams (a), (b) and (c) drawn in Fig. 3. The dashed line is the σ-propagator (8.1). The
ontinuous line denotes the salar eld. The orientation of the ontinuous line is immaterial in
the salar ase, so the diagram (c′) is the same as (c) and should not be ounted. In the Lorentz-
invariant three-dimensional models [11℄ the diagram (c) is onvergent, but in the four-dimensional
model that we are onsidering now it is not. Nevertheless, the alulation of its divergent part
an be lukily arried over to the very end, using the strategy illustrated in Appendix E. The
results are
(a) =
1
9piNε
√
3
(
−5p̂2 + 1
3
(p2)2
Λ2L
)
, (b) =
4iλ
piNε
√
3
, (c) =
14iλ
3piNε
√
3
, (8.3)
whene
γϕ =
5
18piNε
√
3
, ηL = − 8
27piN
√
3
, γσ = − 83
9piN
√
3
. (8.4)
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The results (a), γϕ and ηL agree with the ones found in ref. [7℄, while (b), () and γσ are new.
9 Fixed points of fermion theories
With simple generalizations the tehniques used in the previous setion apply also to the four-
dimensional fermioni model (6.4) with d̂ = 3, d = 1, n = 2, = 7/2. This model is perturbatively
ausal, unitary, stable and regular. Sine the σ bubble is superially divergent stability and
regularity an be proved only by expliit omputation, done in appendix B.
The σ-propagator has weight −3/2 and an be read from (B.1):
15pi
(
k
2
+ F
)3/2
λ2N
√
2ΛLk̂2
(
2k
2
+ 3F
) . (9.1)
Its positivity proves stability. The asymptoti behavior for |k̂|ΛL ≫ k2, whih is
5pi
λ2N |k̂|
√
ΛL|k̂|
, (9.2)
agrees with the regularity ondition (3.12) for k̂ →∞ and, at the same time, proves smoothness
for k → 0. The asymptoti behavior for |k̂|ΛL ≪ k2, instead,
6pi|k|
λ2NΛLk̂2
(9.3)
does not agree with (3.12) and deserves more attention. When k → ∞ and k̂ is kept xed (or
grows more slowly than k) the behavior (9.3) ould generate a spurious UV subdivergene in the
integral over k. Now we prove that it is not so. Consider a diagram G with integrated momenta k,
L loops, V verties, I = Iσ+Iψ internal legs and E = Eσ+Eψ external legs. Using L = I−V +1,
Eσ +2Iσ = V and Eψ +2Iψ = 2V , we get L = 1+ Iσ −Eψ/2. Sine, L ≥ 1 we obtain the bound
Eψ ≤ 2Iσ. Eah fermion propagator behaves like 1/k2, so the degree of divergene ω(G) of the
subintegral over k is
ω(G) = L+ Iσ − 2Iψ = 1− 2Iσ +
Eψ
2
− 2Eσ ≤ 1− Iσ − 2Eσ .
Spurious UV divergenes (ω ≥ 0) an our only for Eσ = 0, Iσ = 1, whih implies Eψ ≤ 2.
The unique diagram with a potential problem is the one-loop fermion self energy (a). However,
beause of (9.3) in that ase the potentially dangerous behavior reads∫
d3k̂
(2pi)3
1
k̂2
∫
|k|∼∞
dk
2pi
1
|k| .
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While the k-integral is logarithmi divergent, it is multiplied by a k̂-integral that vanishes identi-
ally in dimensional regularization. Thus the behavior (9.3) is not dangerous for k →∞.
Finally, when k̂ → 0 the behavior (9.3) guarantees that no spurious IR divergenes aets the
k̂-integral at non-exeptional external hatted momenta. In every other region the σ propagator
(9.1) is manifestly regular.
Subleading orretions The ontributing diagrams are (a), (b), (c) and (c′) of Fig. 2. We
nd
(a) =− 1
3844piNε
√
3
(
ip̂/(5085 − 206
√
10) +
3
31
(47625 − 12146
√
10)
p2
ΛL
)
,
(b) =
λ
√
3(495 + 82
√
10)
3844piNε
, (c) + (c′) =
λ
√
3
961piNε
(900 − 113
√
10), (9.4)
whene
γψ =
5085 − 206√10
7688piN
√
3
, ηL = −53(2835 − 404
√
10)
59582piN
√
3
, γσ = −8685− 658
√
10
1922piN
√
3
. (9.5)
10 RG interpolation between pairs of xed points
Following ref.s [19℄ and [20℄ in this setion we onstrut RG ows interpolating between pairs of
xed points of the types studied in setions 8 and 9.
The interpolating theories have lagrangians
Lϕ,φ= 1
2
N∑
i=1
[
(∂̂ϕi)
2 +
1
Λ2L
(∂
2
ϕi)
2 + iσϕ2i
]
+
1
2
M∑
j=1
[
(∂̂φj)
2 +
f2
Λ2L
(∂
2
φj)
2 + igσφ2j
]
,
Lψ,χ =
N∑
i=1
ψi
(
∂̂/+
∂
2
ΛL
+ σ
)
ψi +
M∑
j=1
χj
(
∂̂/+ f
∂
2
ΛL
+ gσ
)
χj.
It is straightforward to prove the renormalizability of suh models. The only aveat, with respet
to the analysis of ounterterms performed setion 5 (for salar elds) is that we must exlude also
new ounterterms proportional to
∑N
i=1 ϕ
2
i , beause they are no longer proportional to the σ eld
equations. Sine =7/2 the weight of ϕ, φ is 3/4, so ounterterms with four or more salars are
forbidden by loality.
In pratie, the interpolating theories are made by pairs of models (5.2) or (6.4) sharing the
same eld σ. Here the parameter λ is suppressed (reabsorbed inside σ) and the running ouplings
are f and g. The xed points are the zeros of the f and g beta funtions. There is an evident
duality
g ↔ 1
g
, f ↔ 1
f
, ΛL ↔ ΛL
f
, N ↔M. (10.1)
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The phase diagrams ontain some remarkable xed points. When g → 0 the models tend to
the xed points (5.2) or (6.4) plus some free elds. When f, g → 1 the models tend to the selfdual
xed points (5.2) or (6.4) with N → N +M . Beause of the duality (10.1), when g → ∞ the
models tend to the xed points (5.2) or (6.4) with N →M , plus free elds. The phase diagrams
might ontain also some new xed points.
The bubble diagrams of the interpolating models an be easily alulated using the results of
the xed points. We have the sum of two terms: the rst ontribution is due to irulating ϕ,ψ
elds and oinides with (A.3) or (B.1) (at λ = 1); the seond ontribution is due to irulating
φ,χ elds and is equal to rg2 times (A.3) or (B.1), but with ΛL replaed by ΛL/f , where r =M/N .
In total we have
−Q(k̂, k,ΛL)− rg2Q(k̂, k,ΛL/f).
This formula proves stability and regularity in both interpolating models.
Only nitely many graphs ontribute at eah order of the large N expansion, so the subleading
orretions an be alulated exatly in f , g at every order in 1/N .
11 Conlusions
In this paper we have studied several properties of Lorentz violating quantum eld theories of
salars and fermions and onstruted xed points of renormalization-group ows using a large N
expansion. Suh xed points have an exat weighted sale invariane and are the best generaliza-
tions of onformal eld theories when the Lorentz symmetry is violated.
Unitarity, ausality and stability an be generalized straightforwardly to Lorentz violating
theories, beause, stritly speaking, none of these notions demands Lorentz invariane. We have
lassied the models that are guaranteed to be unitary, ausal and stable. In other models stability
needs to be veried expliitly ase by ase. Solutions exist also in four and higher dimensions,
while Lorentz invariant models of this type are known to exist only in lower dimensions. This
makes our new models potentially interesting for appliations to high-energy physis.
In some xed points the alulations an be analytially arried over up to the subleading
orretions. Using a simple trik it is also easy to onstrut running quantum eld theories that
interpolate between pairs of xed points.
The models onstruted here and in ref. [9℄ enlarge onsiderably the realm of renormalizable
theories. They have a variety of potential physial appliations and provide a large laboratory to
test ideas about quantum eld theory and renormalization.
Appendix A: Salar bubble
Sine some alulations in Lorentz violating theories have unusual aspets we ollet details
and results in these appendies.
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We study the σ two-point funtion for the model (5.2) with d̂ = 3, d = 1, n = 2, =7/2 at the
leading order in 1/N . We rst evaluate the bubble diagram of g. 1 in the Eulidean framework.
Later we ompute the imaginary part in the Minkowskian framework using the utting method.
The graph reads
− λ
2N
2
∫
d3p̂
(2pi)3
∫ +∞
−∞
dp
2pi
1(
p̂2 + p
4
Λ2
L
)((
p̂− k̂
)2
+ (p−k)
4
Λ2
L
) . (A.1)
We integrate over p̂ using Feynman parameters and nd
− λ
2N
8pi|k̂|
∫ +∞
−∞
dp
2pi
arctan
ΛL|k̂|
p2 + (p− k)2 .
The integrand an be onveniently expanded in powers of k̂2. Using∫ +∞
−∞
dp
2pi
1(
p2 + (p− k)2)m = 2
m−2Γ
(
m− 12
)
pi1/2|k|2m−1Γ(m) , m >
1
2
, (A.2)
and resumming the series, we arrive at
− λ
2N
16pi|k̂|√2
√√
k
4
+ 4k̂2Λ2L − k
2 ≡ −Q(k̂, k,ΛL), (A.3)
whih agrees with the result of [7℄. The ontribution to the generating funtional Γ of one-partile
irreduible diagrams is positive denite:∫
d4k
(2pi)4
1
2
σ˜(−k)Q(k̂, k,ΛL)σ˜(k) ≥ 0, (A.4)
in agreement with stability.
We now rotate the orrelation funtion to the Minkowskian framework and study the imaginary
part of the salar bubble. The lagrangian (5.2) is turned into (5.3). We nd a ut on the real axis
for k̂2
M
≥ k4/(4Λ2L). The imaginary part of the σ
M
bubble multiplied by −2i results
λ2N
16pi
√
k̂2
M
θ
(
k̂2
M
− k
4
4Λ2L
)√
2ΛL
√
k̂2
M
− k2 (A.5)
and an be heked also diretly omputing the utting diagram of the σ self energy.
Appendix B: Fermion bubble
In this appendix we study the σ-two-point funtion of the model (6.4) with d̂ = 3, d = 1,
n = 2, = 7/2 at the leading order in 1/N . The strategy of the alulation is the same as in the
previous setion. The main dierene with respet to the salar ase is that now the integral is
24
formally divergent. The divergene is however power-like and so vanishes using the dimensional-
regularization tehnique. First we integrate over the momentum p̂ using standard tehniques.
The result is
−λ
2N
2pi
∫ +∞
−∞
dDp
2pi
[
a+ b+
1
|k̂|
(
k̂2 + (a+ b)2
)
arctan
|k̂|
a+ b
]
, a =
p2
ΛL
, b =
(p− k)2
ΛL
.
Next, it is onvenient to expand the integrand in powers of |k̂| and integrate the series term-by-
term. The zeroth order term of the expansion, equal to 2(a + b), is killed by the dimensional
integral over p. The integral of every other term is onvergent in D = 1 and an be alulated
again using (A.2). Resumming the series we obtain
− λ
2N
√
2
15pi
ΛLk̂
2 2k
2
+ 3F(
k
2
+ F
)3/2 ≡ −Qf (k̂, k,ΛL). (B.1)
Again, the ontribution to the generating funtional Γ of one-partile irreduible diagrams is
positive denite, ∫
d4k
(2pi)4
1
2
σ˜(−k)Qf (k̂, k,ΛL)σ˜(k),
whih proves stability.
The imaginary part of the Minkowskian σ bubble multiplied by −2i is
λ2N
30piΛ2L
√
k̂2M
θ
(
k̂2M −
k
4
4Λ2L
)(
2ΛL
√
k̂2M − k
2
)3/2(
3ΛL
√
k̂2M + k
2
)
.
Being positive denite, this result is a hek that the theory is perturbatively unitary.
Appendix C: Salar triangle
In this setion we ompute the salar triangle with one vanishing external momentum. The
triangle is neessary to ompute the divergent part of the diagram (c). Denote the external
momentum with k and the loop momentum with p. To avoid IR problems, we add a mass
hanging the salar propagator as follows:
1
p̂2 + (p2 +m2)2/Λ2L
. (C.1)
The diagram is ultraviolet onvergent. First we integrate over p̂ using Feynman parameters, then
over p. The p̂-integral gives
iλ3N
8pia
[
k̂2 + (a+ b)2
] , with a = p2 +m2
ΛL
, b =
(p− k)2 +m2
ΛL
.
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Next, the integral over p is easily done using the residue theorem. The result an be expanded in
powers of m as
iλ3NΛ3L
16pi|m|
[
k̂2Λ2L +
(
k
2
+m2
)2] + iλ
3NΛ3L
[(
k
4 − Λ2Lk̂2
)√
F + k
2 − 2|k̂|ΛLk2
√
F − k2
]
8pi
√
2
√
4k̂2Λ2L +
(
k
2
+m2
)2 [
k̂2Λ2L +
(
k
2
+m2
)2]2 , (C.2)
up to O(m), where F is dened in setion 8. The masses in the denominators have been left,
again, to avoid IR problems in the alulation of the two-loop diagram (c), whih is performed in
Appendix E.
Appendix D: Fermion triangle
Now we alulate the fermion triangle with one vanishing external momentum. The integral
has no IR problem, so we do not need to introdue a mass. On the other hand, the diagram
is formally ultraviolet divergent. The UV divergene is linear, so it vanishes in dimensional
regularization. Equivalently, we an work in the physial dimension and subtrat an appropriate
loal term. Again, the integration over the loop momentum p is rst done over p̂ using Feynman
parameters, then over p. Call k the external momentum. The p̂-integral gives
λ3N
2pi2|k̂|ΛL
∫ +∞
−∞
dp
[(
p2 + (p − k)2) arctan |k̂|ΛL
p2 + (p − k)2
]
.
The integral over p is easily done expanding the artangent in powers of its argument, eliminating
the rst ontribution to the sum (whih subtrats the UV divergene) and using (A.2). Finally,
resumming the series bak, we nd the result
− λ
3N
√
2k̂2Λ2L
3pi
(
k
2
+ F
)3/2 .
Appendix E: Calulation of the diagrams (a), (b) and ()
Here we desribe the strategy to alulate the divergent parts of the diagrams (a), (b) and ()
of Fig. 3. We begin with the salar self energy (a). By loality, O(1, d̂− 1)⊗O(d) invariane and
weighted power ounting, its divergent part is parametrized as
ak̂2 + b
(k
2
)2
Λ2L
.
The onstants a and b are alulated appropriately dierentiating with respet to k̂ and k and
later setting k = 0. To avoid spurious IR divergenes at k = 0 it is useful to introdue a small
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mass, e.g. using modied propagators of the form (C.1). The oeients a and b an be expressed
as integrals ∫
d3q̂
(2pi)3
∫ +∞
−∞
dq
2pi
F(q̂2, q2 +m2),
where F(q̂2, q2 +m2) is a ertain homogeneous funtion of degree −7/2 (giving a weight 1/2 to
m). Calling x = q̂2Λ2L/(q
2 +m2)2 and hanging variables from |q̂| to x we get an expression of
the form ∫ ±∞ dq√
q2 +m2
∫ ∞
0
dx f(x), (E.1)
where f(x) is a funtion whose integral over x is onvergent. The fatorized integral over q gives
instead the logarithmi divergene. Observe that in dimensional regularization the divergenes
are poles in ε = ε1 + ε2/2 [9℄, where d̂ − ε1 and d − ε2 are the omplex ontinuations of the
dimensions d̂ and d. In our alulation ε1 an be kept equal to zero to the very end, while the
integral over q needs to be ontinued in order to extrat its UV divergene. We have∫
d1−ε2q√
q2 +m2
=
2
ε2
+ nite =
1
ε
+ nite,
so in (E.1) the residue of the pole is the value of the x-integral of f(x).
The same strategy is used to alulate the other diagrams, both in the salar and fermion
models. Basially, a logarithmi divergent integral over q is fatored out. It multiplies a onvergent
integral over x that an be evaluated exatly. In the ase of fermions no IR divergene ours at
vanishing external momenta, so there is no need to introdue the mass m.
Following these guidelights, the alulations proeed straightforwardly in all ases but one: the
diagram () for salar elds. As usual, its divergent part an be worked out setting its external
momenta to zero and introduing an auxiliary mass. The triangle diagram with one vanishing
external momentum, alulated in Appendix C, is suient for the evaluation. We know that
the salar triangle is IR divergent, as shown by formula (C.2). The rst term of (C.2), however,
vanishes when inserted in the rest of () and integrated. Indeed, this operation gives a result of
the form I/|m|, where I is the value of some integral of weight 1/2. By weighted power ounting,
I an only diverge linearly, and by loality its divergene an only have the form m/ε (not |m|/ε
!). Therefore the divergent ontribution due to the rst term of (C.2) would depend on the sign
of m, whih is absurd, sine m is introdued via the modied propagator (C.1). So, it is suient
to keep the seond term of (C.2). One that term is inserted in the rest of () its manipulation is
straightforward following the strategy desribed for diagram (a).
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